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Abstract 

In this paper we show that the space of spatial polygons in 3 dimen- 
sional Minkowski space M'^ is a Kahler manifold. We will give explicit de- 
scription to the tangent space and constructing an almost complex struc- 
ture we will show the integrability using Newlander-Nierenberg theorem. 
This approach certainly has lots of computational advantages. 

Space of spatial polygenes in Euclidean spaces are well understood after the 
works of [l][3l|4]. Similar constructions can be extended to the spatial polygones 
in semi-Riemannian spaces . We can define the Lorentz metric on R" ,n > 1 

n-l 

as (m, v) — UnVn ~ Wj'^i whcrc u = (ui, . . . , u„), f — (wi, . . . , Vn) G R"- The 

1=1 

vector space (M", (, ) ) is called Minkowski space and denoted by M". For those 
who interested in the algebraic and geometric properties of Minkowski spaces, [2] 
and [6] would be good sources. Next Consider sl2(M) = {A e M^^^l^rA = 0}. 
The form defined as (A, -B) = —\trAB where A,B & s[2(K) is a metric on 
s[2(K). We know that the matrices 

01\ /10\ f -I 



ei=l ^ j,e2=(^ Q _^ j,e3-^ ^ 

form a basis for s[2(K). Note that 

(61,62) = (61,63) = (62,63) = 



moreover (ei, ei) = (e2, 62) = —1 and (63, 63) = 1. We conclude that (s[2(M), (, )) 
is of Sylvester type (-2,1). Let us define the map 



/ : M'"^ — > s[2(M) 



Where A is the matrix given by: 

A^ 



X y + z 
y — z —X 
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/ is an isomorphism and {fu, fv) = {u,v) for u,v G M^. So ~ s[2(K) with 
{A,B) = —^tr{AB) i.e, an isometry. 

From now on, we will only consider or equivalently 5t2(K) with metric 
{A,B) = - ^tr{AB). On we can define the product [u,v] = J{u x v) where 




J = 



and 'x' denotes the usual vector product in Mr. It will be useful to explore some 
properties of this product. The proof of the following proposition is obtained 

using definition. 

Proposition 0.1 The product [,] on M"* posesses the following properties; 

[u,v] is orthagonal both u and v w.r.t Minkowski metric. 

[u,v] = -[v,u] 

{[u,v],w) = {u, [v,w]) 

[u, [u, w]] = {u, w)v — (u, v)w 

[u,v] = u = Xv X gR 

where u,v,w £ M^. 

Moreover with the product [,] becomes a Lie algebra. Now recall that 
~ s[2(]R) with given metric. We will define a product [,] on s[2(M) to be 

[A,B] = f[f-\A),f-\B)] 

where f-'^{A) = {x, ^) for 



I 

ii 
Hi 
iv 

V 



A: 



X y 
z —X 



Note that 

{[A,B],A) = {f[f-\A)J-\B)],A) = if[f-\A),f-\B)],f{f-\A))). 

Since / is an isometry we have 

{[A,B],A) ^ i[r\A),r'iB)]J-'{A)) = 



and similarly {[A, B],B) = 0. 

Proposition 0.2 Product [J on s[2(K) with given metric has the following 

properties; 

[A, B] is orthagonal to both A and B, 
[A,B] = -[B,A], 
[A,B]=0<^A = XB, 
[A, [B, C]] = {A, C)B ~ {A, B)C, 
(A [B,C\) = {\A,B],C). 



I 

ii 
Hi 

iv 

V 
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where A,B,C e s[2(K) and A e M. 

Proof: We prove the item i) just before the proposition. All of the other items 
listed above can be checked directly using the properties of [,] in M^. □ 
As a result of the previous proposition we can say that the bracket on 
and the product on sl2(R) have the same properties. Observe that for A € 
s[2(M) with {A, A) = 1 and any B e s[2(K) such that {A,B) = we have 
[A, [A, B]] = {A, B)C - {A, A)B = -B. Thus the operator 

Ia:<A>^ — > <A>-^ 
B ^ [A, B] 

defines an almost complex structure on < A >-"-, orthagonal complement of A 
ins[2(K). 



1 Geometry of the Moduli 

Let M. be the finite set of pa G sl2(R) such that X^^Pa = and 
{Pa,Pa) = "^a''™" > 0- Hencc Pa is time-like for all a. We set M = M 

modulo adjoint action of 5*272 (M) — A4/SL2{M.). This is the space of polygons 
in with sides Pa and side lengths mc-Then the tangent space T{P) at point 
P = {Pa} consist of vectors q = {qa} such that 



ii) Y.' 



Hi) Two systems {qa} and {wa} represents the same tangent vector if 
3x G s[2(M) such that Wa = qa + [x,Pa]- 

Third condition defining the equivalence of the vectors can be interpreted as the 
infinitclstimal motion of the polygon as a whole. 

Proposition 1.1 In each class ef equivalence given in Hi , there exist a unique 
representative {qa} such that; 

TTlfy 



Proof: To show the existance, consider g = by i) we know qa-^Pa i-e, ?a is 
space-like vector for all a. {qa,qa) < 0. So there exist a representative {qa} 
such that 



= mm. 
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Hence by extrema condition we have Y'^ [lonP"] _ q_ 

For uniqueness, let Qa = Qa + [x,Pa] for some x G sl2(]R). Note that 

rric. 



Then 

,Pa],Pa],x) ^ Q Hence ([a^^Pa], [a^,Pa]) ^ ^ 



Since Pa and [a^jPa] arc orthagonal, [x,Pq,] is spacc-hkc. So 
{[x,pa],[x,Pa\) < [a^jPa] = for all a. Hence x = Xpa,X G M for all 
a. For non-coUinear PaS , this is the case if x = 0. Therefore = Qa- 
In the case of coUincar vectors, the gauge representative {go,} is unique but the 
tangent space has dimension greater that that of M.. This means that the point 
is singular. 

The uniqueness allow us to define the operator 

I:T{P) — > T{P) 

{la} ^ {— } 

where Qa satisfies the calibration condition [la^a] _ q Note that 
pQa = I{Iqa) = —(la- Therefore we obtain a complex structure on tangent 

space T{P). 

Lemma 1.2 The 2- form to on T{P) given by 

lit' a 

where q = {qa}, q' = € ^(-P) is a symplectic form and in addition invariant 
under gauge transformation ga * 9a + [a, Pa], a € 5l2(K) = M^- 

Proof: Let us first prove the invariance. Consider 

{[Qa + [a,Pa],qa + [b,Pa]],Pa) _ (?« + [a,Pa], Wa + [b,Pa\,Pa]) _ 



E {[qa -I- [0',Pa\,qa [0,Pa\i,Pa) ^ \ ^ 
ml ^ 

a " a 

E iQa + [a,Pa],mlb - {Pa,b)pa + \Pa,qa]) 
ml 

a " 

E{[qa,q'a\,Pa) , ,x 
f =w(g,g). 
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Hence, w is invariant under gauge transformation. Note that 



a 



So, oj is alternating. 

Now assume u){q,q') = 0,Vg' eT{P). Then set q' = Iq e T{P) we get 



Note that g^'s are space-Uke vectors. So, {qa,qa) < 0. In this case above equal- 
ity holds iff qa = 0,Va.This means that u is non-degenerate. 
It remains to show that uj is closed. Observe that it is closed on 'mass surfaces' 
{Pa,Pa) = the invariance, it is also closed on the factor. □ 

After defining symplectic form a; on it is convenient to construct a Rieman- 
nian metric using u. Let's define; 



Then g is non-dcgcncratc symmetric form and for the vectors satisfying calibra- 
tion condition in proposition(3.17), it can be written as 



and g{q, q) > since {qa, qa) < 0. 

2 Integrability 

In previous section we defined the almost complex structure / on and tangent 
space at a point P G M. We may consider the tangent space T(P) as a subset 
in (M^)" where a € {1, . . . , n}. Consider the 2-form defined by 



where x = {xa},y = {?;«} G (M'^)" and {xa,ya) is the Minkowski metric on 
M^. Let A/p be the orthagonal complement to T{P) via the form defined above. 




9{q, q') = -^{iq, q') 





So 



(M^)" = T(P)®A'p 
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Proposition 2.1 The operator L : — > is given by; 



m = E ■ 



rric 



is self-adjoint with respect to Minkowski metric. 
Proof: Consider 

a a 

\Pa, [v,Pa]] 

nia 

= im.o □ 

The following lemma gives a explicit projection to the normal A/p. 
Lemma 2.2 Let tt : (M^)" — > J\fp given by 

{Trx)c = o-^Pc + + [Wx,Pa] 

ml ma 
where ^xt'Wx S is defined uniquely such that 

j^,. . ^ \Pa, [L,Pa\] ^ \Pa, [Xa,Pa\] 

^ ^ mot ^ mi 

iwa^j - 2^ — - 2^ 

a a 

a € {1, . . . , n} and w is self-adjoint. 

Proof: We must show that (irXjU) = 0,Vu G ^(-P)- Let 

U= {ui,...,Un) € r(P) 

V ro„ / 



mg 

^ a 



Since (wg,pa) = Eg ^^^tt^ = EgWa = 0. Consider x,y e (M^)". We know 
that 



So 

' iVa, Pa)iP a 1 -^'o. ) 
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and 



''^a ''*Q: 

= ^ + + (II) 

a " 

Comparing I and II we obtain (ttx, y) = {x, ny) □ 

We know that edges of a polygon from moduli space are time-like vectors and 
since components of tangents are Lorentz orthagonal to them, these components 
are space-like vectors. Hence we have a Riemannian metric on tangent space 
r(P) given by; 

{Ua,Va) 



g{u,v) = - E' 



Symmetricity and bilinearity of this form easily obtained from properties of 
Lorentzian metric. We know that components of each tangent vector u S T[P) 
is space-like. So {ua,Ua) < g{u,u) > 0. Thus, g{u,v) is positive and so is 
a Riemannian metric on tangent space at point P. 

We can define covariant derivative of a vector field q along a curve P = P{t) 
in M by; 

Vtg = projection G (M^)"^ in tangent space of M. 
Therefore if y are vector fields then at a point P Lie bracket [x, y] = VxV — 

Vyx e T(P) 

Proposition 2.3 Let x, y be vector fields. At a point P G A4 we have the 
following 

{(v.y)"} = {a.?y" - 7r{d,y)^} e r(p) 

. Here d is the covariant derivative on (M^)" and dxy"" denotes a component 
of d^y for Q. = l,...,n. 

Proof: Note that for x, y vector fields we have ; 

/V7 ^c« Q a {Pa,dxy")Pa \Pa,[^d^V^Pa]] r 1 
(Vxy) = dxV - - [Wd^y, Pal- 

mi rUa 
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We shall show that {(Va;?/)"} satisfies i-iii. 

2^(Vc.?/) =2^d^y 2^ lJm.y,Pc] = 

a a a " a a 

{Pa, 5xy")Pa \Pa, [dxy",Pa]\ ^ q 

ii) We must show that {{V xV)"" , Pa) = 0. Note that 

ml rric 
{dxy",Pa) - {dxy°',Pa) = 0. 
in) Consider 

E[{^xyT,Pa] /[dxy°',Pa] , 1 [[wa,!/,Pa],Pa]\ 
= I 1- ?a^j/)Pa ) 

a a 

a a 

Let us define 

/i : TM X T>1 ^ 

{x,y) ^ IJ'{x,y) 

Where fi{x, y) is the vector satisfying 

[Pa, [fl{x,y),Pa]] ^ [Xg, [ya,Pa]] 

^ ma m'i 

ct a ^ 

Note dxPa is the a component of x{P) G T{P). So dxPa = Xa- 
Proposition 2.4 For x,y vector fields on M, we have 

^d^y = -^(s;, y) wa^y = i^{Iy, x) 

Proof: 

\Pa, [dxy",Pa]] _ \- {Pa,dxy°')Pa _ \- {Xa,ya)Pa 



E \:Pa,[<Jxy , Pa\l _ \^ \Pa,<Jxy )Pa _ \ ^ 
™2 ™2 



m2 



E 



mo 



Since ^a^^ is the unique vector satisfying 
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we have ^g^^ = -ii{x,y). 
Now consider 

m„ ^ rUa 

a a 

We know that ^ml,"^ ~ ^- Differentiatingthis in the direction of x we get; 

[Xa,ya] ^ \Pa,d^y"] 

^ ma ^ rUa 

a a 

so 



m„ '—^ rrin 

2 



We have [pa, [a;a,2/a]] = ^ [xa,ya] = KPa- Hence (pa, [xocVa]) = Kmi and Aq, = 



So we get 



Now observe that 



] _ {Pa, [Xa,ya])Pa 

^ m„ ^ 



\Pa, [l^{Iy,x),Pa]] ^ [Iya,[Xa,Pa]] ^ [[ya, Pa], [Xg, Pa]] ^ 

^ nia ^ ■'^ m| 

a a ^ a ^ 

_ (ba. j^gj- -''ajpg _ ST^ (Pa.: ^^fp.- !Ja] )Pa. 

_ _ \ ^ \Xa, ya\ 

Therefore 

\ \?^(x ? Vol 



but wg^y is the unique vector satisfying 



Using this proposition we may write; 

(V.,)" = a.," - + [PaApix,y),Pa]] _ 

The map y) restricted on T(P) where P S has a lot of useful properties. 
The following lemma is devoted to write these properties explicitely. 
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Lemma 2.5 For the map i^{x,y) restricted on T{P) we have the following; 
i) ii{x, y) is the unique vector satisfying 

^ rua ^ m\ 

a. ct ^ 

a) f4x, y) = ii{y, x) 

Hi) /i is skew-adjoint, i.e, ii{Ix,y) — —n{x,Iy) 
iv) n{Ix, ly) = nix, y) 

Where x,y are vector fields in A4. 

Proof:i) Since j2{x,y) = —^o^y and ^o^y is unique we are done. 
a) Consider 

[Pa, [lJ'{y,x),Pa\] ^ \- [ycc, [Xa,ya\] ^ y^ {ya,Xa)Pa 

rtia ^ rni ^ rnl 

[Pa,[l^{x,y),Pci\] _ sr^[Xa,[yoi,Pcc]] _ ^{Xa,Pa)Pa 



a a ^ a ^ 

By uniqueness of /x(a;, y) we have ^{x, y) = ii{y, x) 
Hi) Note that 

E \pa,[n{Ix,y),Pa\] ^ \^ [IXg, [ya,Pa\] ^ y^ {[Xa,Pa],ya)Po 

rrj „ 777,2 Z — / 



\- [Pa, [-IJ,{x,Iy),Pa\] ^ \- [Xa,[ya,Pa\] ^ \- {[Xa,Pa],ya)Pa 

^ rria ^ ml ^ m^ 

Hence by uniqueness of ^l{Ix, y) we have lJ,{Ix, y) = —li{x, ly) 
iv) Easily follows from Hi). □ 

It is convienient to make an observation right now. Note that 

[Iya,Xa] ^ {Xa,ya)pa ^ {dxy°',Pa)Pa 

rUa ml ml 

So we will get; 

(V.t/)« = d,y" + ily^ - I[^l{x,y),p^] - [i,{Iy,x),p^]. 
ma 

We have arrived the main result of this chapter. The following theorem is 
important in the sense that it reveals the geometrical structure of the variety of 

spatial polygons in M''. 

Theorem 2.6 Almost complex structure I on T{P) is integrable. 
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Proof: By theorem of Newlander-Nierenberg, [5] , it is enough to check Nijen- 
haus tensor Ni{x,y) = for all vector fields x,y in A4. Nijcnhaus tensor is 
defined by ; 

Nj = ly] - [x, y] - I[Ix, y] - I[x, ly]). 

As a convention we write [x, y]a — i^xy)" — (Vyx)" 

{Vi.Iyr = di^Iy'^ + ^^^^"'^^"^ - lWy,Ix),p^] - Wly,Ix),pa.] 

= dixly" + [^^"'^"^ ~ I[^{y,x),pa] + [^J.{y,lx),pa] 
{Viylxr = diylx" + ^^^"""'^^"^ - lWx,Iy),p^] - Wlxjy),p^] 
diylx°' + - + [^iix, Iy),Pa] 



Note that 



and 



mo 



Comparing these two equations we see that 



nia vria 

So we get; 

[Ix, Iy\a = dixly°' - diylx" + 2[fj,{y, Ix),pa] 

(V,y)" = 9,2/" + Hy^ll^ - - Wy,x),p, 

ma 

iSyxr - dyx^ + l^^f^ _ I[^,{x,y),po] - Wx,y),pa 



Therefore; 



[x,y]a = 9,2/" - dyx"' - 2[^i{ly,x),pa] 



iSixyT = dixy'' + [-^^"'-^^°] ^ I[^i{yjx),pa] - Wyjx),pa] = 

= dixy"' + t-^^"'-^^"] _ I[^L{yJx),pa\ - [^l{y,x),pa\ 
{Vyixr = dylx" + -/[^(/a;,2/),pj - Wlx,y),pa] = 

TTia 

= dylx"' - - I[^j.{Ix,y),pa] + [/l(x,2/),Pa] 
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Since [IXcUa] = [Iya,Xa] we have; 

[Iya,IXa] = [IIXa,ya] = -[XcVa] 



SO 

[Ix,y]a = di^y" - dylx°' - 2[ii(x,y),Pa\ 

{V^IyT = d,Iy" + ^^^■'^'•■ ■''"^ - I[i_i{Iy,x),p„] - [n{IIy,x),Pa] 

ma 

= djy" - I^^i^ - I[ii{Iy, x),pa] + \p{y, x),Po] 
rua 

„a [y_a,_Xa] 

m, 

so 



diyx"' ■ I[iJ.{x,Iy),pa] - [nix, y), Pa 

TTld 

[x, Iy]a = dxly" - diyx" + 2[ij,{x, y),Pa] 



With these tools we can calculate the Nijenhaus tensor Nj{x,y). If we plug 
what we have found above we will obtain; 

Ni{x,y) = dijy"^ -diylx'' -d^y"^ +dyx'^ -Idi^y-' +Idylx'^ -Idjy'^ +Idiyx'' 



Claim: Ni{x,y) = 0. 

In order to show the claim we need to do some calculations. Observe that; 

. . _ [bM-Po]-Pa] _ [Pa.JJo.P<^ --m V 

[■^yajPal — — — 'I ''ay a 

ma ma 



Differentiating above with respect to vector field x wc get; 

[dxIy°'-,Pa\ + [Iya,Xa\ = -mad^y" 
[d^Iy",Pa] , [ly ai Xa\ fi ^ oc 

^ I — 'Jxy 

ma ma 

^ Ta T a a a [-^yaiXal 

Id^ly" = -9xy - ^• 

ma 

Using the same argument we have; 

[Ix 



Idylx" = -dyX" - 
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since 

now differentiating this with respect to the vector field Ix we get 

[dlxIy",Pa\ + [Iya,IXa\ = -madi^y"' 



[di:,Iy°',Pa] _^ [Iya,IXa] ^ ^„ 
nia rUa ^ 



apply / both sides 

[[dixIy",Pa],Po 



■'"-a 

ml 

mi 

Since {Pa,Iy°') = we obtain {Pa,dixly") = —{Ixa,lya). Hence 

dixly + o-^ — = 

ml 

Similarly, 

lylx" + TT-^ = IdlyX" 

ml 

Substituting corresponding expressions in Ni{x,y) wc get; 

Ni{x, y) = Idixy 5 Idiyx"' H 5 dxy + dyX°'- 

ml ml 

Idixy'' - dyx<^ - + dxy'' + ^"^ + Idiyx'^ = □ 

ma ma 



Deflnition 2.7 A Kahler manifold is a symplectic manifold with an integrable 

almost complex structure. 

Corollary 2.8 is a Kahler manifold with Kahler structure 

fl{u,v) = g{u,v) + iui{u,v). □ 
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